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ABSTRACT
In this paper, the Henstock-Stieltjes integral (HS integral) of a function with values rang-
ing in an ℓp−space, with 0 < p < 1, is defined. Results such as the uniqueness of the HS
integral, the Cauchy-Criterion for HS-integrability, HS-integrability of continuous functions,
linearity of the HS-integral, HS-integrability of a function over a subinterval, and the additive
property of HS integral on subintervals are obtained.
Keywords: δ-fine tagged partition, Henstock-Stieltjes integral, quasi-norm, quasi-Banach spaces,
ℓp-space
1 Introduction
It is well known that the Riemann integral is not adequate for advanced mathematics,
since there are many functions that are not Riemann integrable. To overcome these defi-
ciencies, Henri Lebesgue developed his integral around 1902, and his integral has become
the suitable integral for almost mathematical researches. However, there are also diﬃcul-
ties with the Lebesgue integral. In 1950’s, J. Kurzweil introduced a generalized version
of the Riemann integral. Its definition is Riemann-like, but was recognized even much
powerful than the Lebesgue integral.
Further studies have been carried out to make some generalizations of Henstock inte-
gral. Cao (1992) generalized the definition of the Henstock integral for real-valued functions
to functions taking values in Banach spaces and investigate some of its properties. Sev-
eral authors have studied Henstock integral (Lim et al., 1998; Solodov, 1999; Boccuto and
Sambucini, 2004).
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2 Preliminaries
In this paper, we consider the integrals of functions defined on a closed interval [a, b]
and ranging in a quasi-Banach ℓp-space (0 < p < 1) which carries a quasi-norm denoted
by || ||p.
Definition 2.1. A tagged partition of [a, b] ⊂ R is a finite collection
P =
{
(ti, [xi−1, xi]) : i = 1, 2, . . . , n
}
,
where the [xi−1, xi] are pairwise non-overlapping subintervals of [a, b], with
∪n
i=1[xi−1, xi] =
[a, b] and ti ∈ [xi−1, xi] are the tags.
Definition 2.2. Let δ be a positive function defined on the interval [a, b]. A tagged
partition P =
{
(ti, [xi−1, xi]) : i = 1, 2, . . . , n
}
is δ-fine if
[xi−1, xi] ⊂
(
ti − δ(ti), ti + δ(ti)
)
.
for each i = {1, 2, . . . , n}.
Now, we give the definition of Henstock-Stieltjes integral for ℓp-valued functions.
Definition 2.3. Let α be an increasing real-valued function on [a, b]. A function f :
[a, b] → ℓp is Henstock-Stieltjes integrable (HS-integrable) with respect to α on
[a, b] if there exists A ∈ ℓp so that for every ε > 0, there exists a positive function δ on
[a, b] such that for every δ−fine tagged partition P = {(ti, [xi−1, xi]) : i = 1, 2, . . . , n} of
[a, b], we have
∣∣∣∣S(f, α;P )−A∣∣∣∣
p
< ε where
S(f, α;P ) =
n∑
i=1
f(ti)
[
α(xi)− α(xi−1)
]
.
We call A the Henstock-Stieltjes integral (HS integral) of f with respect to α on
[a, b] and write
∫ b
a fdα = A.
3 Basic Properties
Throughout this section, we let f : [a, b] → ℓp and α be an increasing real-valued
function on [a, b]. The first theorem guarantees the uniqueness of Henstock-Stieltjes integral
of an ℓp−valued function, if it exists.
Theorem 3.1. A function f has at most one HS integral with respect to α on [a, b].
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Proof. Suppose that f is HS-integrable with respect to α on [a, b] and A1 and A2 are HS
integrals of f with respect to α on [a, b] with A1 ̸= A2. Let ε > 0. Then there exist positive
functions δ1 and δ2 such that for each δ1−fine tagged partition P1 of [a, b] and for each
δ2−fine tagged partition P2 of [a, b], we have
||S(f, α;P1)−A1||p < ε2 and ||S(f, α;P2)−A2||p <
ε
2 ,
respectively. Define a positive function δ on [a, b] by δ(x) = min{δ1(x), δ2(x)}. Let P be
any δ−fine tagged partition of [a, b] and let ε = ||A1−A2||p
2
1
p
. Then,
∣∣∣∣A1 −A2∣∣∣∣p ≤ 2 1p(∣∣∣∣A1 − S(f, α;P )∣∣∣∣p + ∣∣∣∣A2 − S(f, α;P )∣∣∣∣p)
= 2
1
p ε = ||A1 −A2||p,
which is a contradiction. Thus, A1 = A2.
In the next theorem, we give the Cauchy criterion for Henstock-Stieltjes integrability
of ℓp−valued functions.
Theorem 3.2. (Cauchy Criterion) A function f is HS-integrable with respect to α on
[a, b] if and only if for every ε > 0 there exists a function δ : [a, b] → R+ such that for all
δ−fine partitions P1 = {(ti, [xi−1, xi])} and P2 = {(t′i, [x′i−1, x′i])} of [a, b],∣∣∣∣∣∣S(f, α;P1)− S(f, α;P2)∣∣∣∣∣∣
p
< ε.
Proof. Suppose that
∫ b
a fdα = A. Given ε > 0, there exists a positive function δ on [a, b]
such that ∣∣∣∣S(f, α;P1)−A∣∣∣∣p < ε2(2 1p ) and
∣∣∣∣S(f, α;P2)−A∣∣∣∣p < ε2(2 1p )
whenever P1 and P2 are δ−fine tagged partitions of [a, b]. Now,∣∣∣∣S(f, α;P1)−S(f, α;P2)∣∣∣∣p = ∣∣∣∣S(f, α;P1)−A+A− S(f, α;P2)∣∣∣∣p
≤ 2 1p
(∣∣∣∣S(f, α;P1)−A∣∣∣∣p + ∣∣∣∣S(f, α;P2)−A∣∣∣∣p
)
< ε.
Thus, the Cauchy Criterion is satisfied.
Suppose the Cauchy criterion holds. Then for each n ∈ N, there exists a positive
function δn on [a, b] such that
||S(f, α;Q1)− S(f, α;Q2||p < 1
n
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wheneverQ1 andQ2 are δn-fine tagged partitions of [a, b]. Assume without loss of generality
that δn ≥ δn+1 for all n ∈ N. For each n ∈ N, let Pn be a δn-fine tagged partition of [a, b].
Let ε > 0. By Archimedian property, there exists a natural number N such that 1ε < N.
Let N ≤ n ≤ m. Then Pn and Pm are δn-fine tagged partitions of [a, b]. It follows that
||(S(f, α;Pn)− S(f, α;Pm)||p < 1
n
≤ 1
N
< ε.
Thus,
(
S(f, α;Pn)
)∞
n=1 is Cauchy.
Hence, the sequence
(
S(f, α;Pn)
)∞
n=1 converges, say to A. Let ε > 0. Then there exists
N1 such that for all n ≥ N1,
||S(f, α;Pn)−A||p < ε
2
p+1
p
.
By Archimedian property, there existsN2 such that 2
p+1
p
ε < N2.Now, letN0 = max{N1, N2}
and n ≥ N0. Let δ = δN1 and P be a δ-fine tagged partition of [a, b]. Hence,∣∣∣∣S(f, α;P )− S(f, α;PN1)∣∣∣∣p < 1n < 1N0 ≤ 1N2 < ε2 p+1p .
Thus, ∣∣∣∣S(f, α;P )−A∣∣∣∣
p
=
∣∣∣∣S(f, α;P )− S(f, α;PN1) + S(f, α;PN1)−A∣∣∣∣p
≤ 2 1p
(∣∣∣∣S(f, α;P )− S(f, α;PN1)∣∣∣∣p + ∣∣∣∣S(f, α;PN1)−A∣∣∣∣p)
< 2
1
p
(
ε(
2
p+1
p
) + ε(
2
p+1
p
)
)
= ε.
Theorem 3.3. If a function f is continuous and α is of bounded variation, then f is
HS-integrable with respect to α on [a, b].
Proof. Let ε > 0. Since α is of bounded variation, there exists M > 0 such that
n∑
i=1
|α(xi−1)− α(xi)| ≤M
for any partition P of [a, b]. Since f is continuous on [a, b], f is also uniformly continuous
on [a, b]; that is, there exists ∆ > 0 such that if |x− y| < ∆ for x, y ∈ [a, b], then
||f(x)− f(y)||p < ε
M2
n−1
p
.
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Now, define a positive function δ on [a, b] by δ(x) = ∆2 for all x ∈ [a, b] and let P1 and P2
be δ−fine partitions of [a, b]. We need to show that
||S(f, α;P1)− S(f, α;P2)||p < ε.
Without loss of generality, suppose further that P1 is a refinement of P2. Thus, it suﬃcient
to show the following two cases:
Case 1. We first consider the case where the tagged partitions P1 and P2 diﬀers only in
their tags, that is, we have P1 = {(ti, [xi−1, xi]) : i = 1, 2, . . . , n} and P2 = {(t′i, [xi−1, xi]) :
i = 1, 2, . . . , n} where ti ̸= t′i for each i. Let di = α(xi−1)− α(xi). Hence,
||S(f,α;P1)− S(f, α;P2)||p =
∣∣∣∣∣∣ n∑
i=1
f(ti)di −
n∑
i=1
f(t′i)di
∣∣∣∣∣∣
p
≤ 2n−1p
n∑
i=1
||(f(ti)di − f(t′i)di)||p < 2n−1p n∑
i=1
[
|di|
( ε
M2
n−1
p
)]
≤
( ε
M
)
(M) = ε.
Case 2. Suppose that P1 is obtained from P2 by inserting one point, say x
′
j with xj < x
′
j <
xj+1 where x
′
j is the intermediate point for the two intervals [xj , x
′
j ] and [x
′
j , xj+1] of P1.
Hence,
||S(f,α;P1)− S(f, α;P2)||p =
∣∣∣∣∣∣f(t′j)[α(x′j)− α(xj)]
+ f(tj+1)[α(xj+1)− α(x′j)]− f(tj+1)[α(xj+1)− α(xj)]
∣∣∣∣∣∣
p
=
∣∣[α(x′j)− α(xj)]∣∣∣∣∣∣∣∣(f(t′j)− f(tj+1))∣∣∣∣∣∣
p
< M
(
ε
M2
n−1
p
)
≤ ε.
We now apply the Cauchy criterion in showing the integrability on a subinterval.
Theorem 3.4. If a function f is HS-integrable with respect to α on [a, b], then f is
HS-integrable with respect to α on [c, d] for every subinterval [c, d] of [a, b].
Proof. Let [c, d] ⊆ [a, b] and let ε > 0. By the Cauchy Criterion, there exists a positive
function δ on [a, b] such that
||S(f, α;P1)− S(f, α;P2)||p < ε
whenever P1 and P2 are δ−fine tagged partition of [a, b]. Consider the following cases.
Case 1. Suppose a = c. Let Pb be a δ-fine tagged partition of [d, b]. Also, let P ′1 and P ′2
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be δ-fine tagged partitions of [c, d]. Define P = P ′1
∪
Pb and Q = P
′
2
∪
Pb. Then P and Q
are δ−fine tagged partitions of [a, b]. Hence,∣∣∣∣S(f, α;P ′1)− S(f, α;P ′2)∣∣∣∣p = ∣∣∣∣S(f, α;P ′1) + S(f, α;Pb)
− (S(f, α;P ′2) + S(f, α;Pb))
∣∣∣∣
p
≤ ∣∣∣∣S(f, α;P )− S(f, α;Q)∣∣∣∣
p
< ε.
Case 2. Suppose b = d. The proof is similar to Case 1.
Case 3. Suppose [c, d] ⊂ [a, b]. The proof follows from Case 1 and Case 2.
Thus, for any cases, f is integrable with respect to α on every subinterval [c, d] of [a, b].
The next theorem shows that the HS integral satisfies the additive property on subin-
tervals.
Theorem 3.5. If a function f is HS-integrable with respect to α on [a, c] and [c, b], then
f is HS-integrable with respect to α on [a, b]. Moreover,∫ b
a
fdα =
∫ c
a
fdα+
∫ b
c
fdα.
Proof. Let ε > 0. Suppose
∫ c
a fdα = A1 and
∫ b
c fdα = A2. Then there exists a positive
function δ1 on [a, c] such that ∣∣∣∣∣∣S(f, α;Q)−A1∣∣∣∣p < ε2(2 1p )
whenever Q is a δ1−fine tagged partition of [a, c] and there exists a positive function δ2 on
[c, b] such that ∣∣∣∣∣∣S(f, α;R)−A2∣∣∣∣p < ε2(2 1p )
whenever R is a δ2−fine tagged partition of [c, b]. Define a positive function δ on [a, b] by
δ(x) =

min{δ1(x), c− x}, if a ≤ x < c
min{δ1(c), δ2(c)}, if x = c
min{δ2(x), x− c}, if c < x ≤ b.
Let P be a δ-fine tagged partition of [a, b]. Note that
P = Pa
∪{
(c, [u, v])
}∪
Pb
where the tags of Pa are less than c and the tags of Pb are greater than c. Let P1 =
Pa
∪{(c, [u, c])} and let P2 = Pb∪{(c, [c, v])}. Then P1 is a δ1−fine tagged partition of
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[a, c] and P2 is a δ2−fine tagged partition of [c, b]. Since P = P1∪P2, we have S(f, α;P ) =
S(f, α;P1) + S(f, α;P2). Hence,∣∣∣∣S(f, α;P )−(A1 +A2)∣∣∣∣p = ∣∣∣∣S(f, α;P1) + S(f, α;P2)− (A1 +A2)∣∣∣∣p
≤ 2 1p
(
||S(f, α;P1)−A1||p
)
+ 2
1
p
(
||S(f, α;P2)−A2||p
)
< ε.
The following theorem shows the linearity of HS integral.
Theorem 3.6. Let k ∈ R.
1. If f is HS-integrable with respect to α on [a, b], then kf is HS-integrable with respect
to α on [a, b]. Moreover, ∫ b
a
kfdα = k
∫ b
a
fdα.
2. If f and g are HS-integrable with respect to α on [a, b], then f + g is HS-integrable
with respect to α on [a, b]. Moreover,∫ b
a
(f + g)dα =
∫ b
a
fdα+
∫ b
a
gdα.
Proof. (1) Let f be HS-integrable with respect to α on [a, b]. The case k = 0 is obvious.
Suppose k ̸= 0. Since f is HS-integrable, there exists a positive function δ on [a, b] such
that ∣∣∣∣S(f, α;P )− ∫ b
a
fdα
∣∣∣∣
p
<
ε
|k|
whenever P is a δ-fine tagged partition of [a, b]. Then,
∣∣∣∣∣∣S(kf, α;P )− k ∫ b
a
fdα
∣∣∣∣∣∣
p
=
∣∣∣∣∣∣kS(f, α;P )− k ∫ b
a
fdα
∣∣∣∣∣∣
p
< |k|
(
ε
|k|
)
= ε.
(2) Let ε > 0. Suppose
∫ b
a fdα = A1 and
∫ b
a gdα = A2. Then there exists a positive
function δ1 on [a, b] such that ∣∣∣∣S(f, α;P1)−A1∣∣∣∣p < ε2(2 1p)
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whenever P1 is a δ1-fine tagged partition of [a, b]. Also, there exists a positive function δ2
such that ∣∣∣∣S(g, α;P2)−A2∣∣∣∣p < ε2(2 1p)
whenever P2 is a δ2-fine tagged partitions of [a, b]. Define a positive function δ on [a, b]
by δ(x) = min{δ1(x), δ2(x)} for all x ∈ [a, b]. Let P be a δ-fine tagged partition of [a, b].
Then ∣∣∣∣S(f + g, α;P )−(A1 +A2)∣∣∣∣p = ∣∣∣∣S(f, α;P ) + S(g, α;P )− (A1 +A2)∣∣∣∣p
≤ 2 1p
(
||S(f, α;P )−A1||p + ||S(g, α;P )−A2||p
)
< 2
1
p
(
ε
2
(
2
1
p
) + ε
2
(
2
1
p
)
)
= ε.
Theorem 3.7. Let k ∈ R.
1. If f is HS-integrable with respect to α on [a, b], then f is HS-integrable with respect
to kα on [a, b]. Moreover, ∫ b
a
fd(kα) = k
∫ b
a
fdα.
2. If f is HS-integrable with respect to α and β on [a, b], then f is HS-integrable with
respect to α+ β on [a, b]. Moreover,∫ b
a
fd(α+ β) =
∫ b
a
fdα+
∫ b
a
fdβ.
Proof. (1) Suppose that f is HS-integrable with respect to α on [a, b]. If k = 0, then we
are done. Suppose k ̸= 0. Then there exists a positive function δ on [a, b] such that
||S(f, α;P )−
∫ b
a
fdα||p < ε|k|
whenever P is a δ−fine tagged partition of [a, b]. Now
∣∣∣∣∣∣S(f, kα;P )− k ∫ b
a
fdα
∣∣∣∣∣∣
p
=
∣∣∣∣∣∣kS(f, α;P )− k ∫ b
a
fdα
∣∣∣∣∣∣
p
< |k|
(
ε
|k|
)
= ε.
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(2) Suppose
∫ b
a fdα = A1 and [a, b] and let
∫ b
a fdβ = A2. Then there exists a positive
function δ1 on [a, b] such that
||S(fα;P1)−A1||p < ε
2(2)
1
p
whenever P1 is a δ1-fine tagged partition of [a, b]. Also, there exists a positive function δ2
on [a, b] such that
||S(f, β;P2)−A2||p < ε
2(2)
1
p
whenever P2 is a δ2-fine tagged partition of [a, b]. Now, define δ on [a, b] by δ(x) =
min{δ1(x), δ2(x)} for all x ∈ [a, b]. Let P be any δ-fine tagged partition of [a, b]. Hence,
||S(f, α+ β;P )−(A1 +A2)||p = ||S(f, α;P ) + S(f, β;P )−A1 −A2||p
≤ 2(2) 1p ||S(f, α;P )−A1||p + 2(2)
1
p ||S(f, β;P )−A2||p
< 2(2)
1
p
(
ε
2(2)
1
p
)
+ 2(2)
1
p
(
ε
2(2)
1
p
)
= ε
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